Abstract. The current article explores the problem of a Bose-Einstein condensate (BEC) trapped in an anisotropic three-dimensional harmonic-oscillator potential, with positive effective interatomic interactions, and the analogue gravity acoustic metric emerging from it. We find that the latter gives rise to a family of conformally equivalent metrics and the space-time interval corresponds to that of an accelerated observer subject to a position-dependent acceleration. Furthermore, such acceleration can be deduced differentiating the potential of the trap, which leads us to infer that, for a Bose-Einstein condensate in an arbitrary trap, the space-time interval will correspond to the conformal equivalent of that of an accelerated observer, being the acceleration in any direction proportional to the partial derivative of the trap potential of the BEC with respect to that coordinate. Finally, we compute the space-time interval, the Einstein tensor and the geodesic equations, identifying some of the Killing vectors, for three cases: the spherically symmetric, the axially symmetric and the asymmetric traps.
Introduction
Analogies play a fundamental role in physics and mathematics, as they define a bridge between two different branches of science. One of the current trends in this direction is the so-called Analogue Gravity, a topic that considers the similarities between physics in a curved space-time and, usually, hydrodynamic systems [1] .
Even when the existence of an analogy among these models does not imply a complete equivalence (there is still no analogue system that reproduces Einstein's equations [2] ), it can capture a sufficient number of relevant common features so that it is possible to use the known science in one of them to study phenomena of the other.
One of the simplest cases of such approach involves a moving fluid and an analogue space-time provided by the acoustics of the fluid [3, 4] . The analysis of the speed of sound in a fluid and the possibility of shaping it in the form of the equation of motion for a non-massive field immersed in a curved space-time is already an old result [1] , which leads to an equation of motion for the corresponding velocity potential that can be expressed as an equation of motion for a minimally-coupled scalar field, without mass, which propagates in a Lorentzian geometry. Some generalizations of this result, such as the possibility of having a rotational fluid, [5, 6, 7, 8] , or the case of an irrotational viscous fluid [9] , have also been carried out.
In particular, we are interested in the search for analogies between condensed matter and gravitational cases, for they could shed light upon some major problems in gravity. Bose-Einstein condensates (BEC) stand out for being conceptually clear and wellunderstood experimentally-controlled systems, which appear to be great candidates to simulate several phenomena predicted in High Energy Physics [10, 11, 12, 13] . For instance, since condensed matter physics is described resorting to a quantum field theory which can be tested experimentally, the analysis of the analogies between particle physics, particularly the quantum vacuum, and condensed matter could clarify the physics for trans-Planckian situations [2] .
Thus, interesting deviations from the hydrodynamic or relativistic regimes in BEC could show the way to the kinematic corrections that a quantum gravity theory might impose on general relativity, allowing us to study quantum gravity phenomenology by means of the analogy.
In the present work, we study the analogue gravity acoustic metric emerging from a Bose-Einstein condensate, with interatomic interactions, trapped in an anisotropic three-dimensional harmonic-oscillator potential. In section 2 we revisit the formulation for an emerging analogue acoustic metric for a BEC and, then, focus on that trapped in a harmonic-oscillator potential to, eventually, discuss the physical interpretation of the space-time element. Section 3 is dedicated to the study of the gravitational quantities and dynamics of the system in three cases: the spherically-symmetric, the axiallysymmetric and the asymmetric traps. Finally, in section 4 we discuss our results.
Bose-Einstein Condensates and Their Analogy to Gravity

Emerging acoustic metric for a BEC
The derivation of the acoustic metric for a BEC system has been developed before [1] , showing that the equations of the phonons of the condensate mimic the dynamics of a scalar field in a curved space-time.
It is useful to remember that in the Thomas-Fermi approximation [14] , any gas under an external potential V ext can be described in terms of a quantum field Ψ, satisfying the equation
where we assume that the effective interaction between the particles is parametrized by κ(a). In our case, in which the energies are very low and the wavelength excitations are very long, we can express it in terms of the scattering length a as
being m the mass of one of the particles that constitute the BEC. It has already been established, [1] , that separating the quantum field in its classical part (macroscopic condensate) and the fluctuations, for the case in which the backreaction can be neglected for an irrotational velocity field, the equations of motion of the system can be identified with those of an inviscid irrotational fluid. Thus, in the acoustic representation, the equations of motion for the field describing the quantum perturbations of the system,θ 1 , can be cast such as that of a massless minimally coupled quantum scalar field over a curved background, so that so that the equation of motion for it can be written as
In this case, the effective metric is
where the speed of the phonons in the medium is represented by
and
Acoustic metric for a BEC in a harmonic-oscillator trap
The system we are to analyse is a dilute Bose-Einstein condensate confined in an anisotropic three-dimensional harmonic-oscillator trap, under repulsive interatomic interactions (which produce no stability problems). For such a system, subject to the three-dimensional harmonic-oscillator, time-independent, potential
the wave function of the condensate is
where b, c and d are the variational parameters in each direction, [14] .
Substituting (8) in (6) we find
which is time-independent and using the values given by equations (2) and (9) in (5),
where, for the sake of simplicity, we have defined
In turn, the coefficient multiplying of the matrix in (3) is
Substituting (10) and (12) in (4), we find the effective acoustic metric for this system to be
According to Bose-Einstein condensation physics [15] , for this system v = 0, so that (14) is reduced to
We can identify the global factor of the matrix in (15) as a conformal one, so that this expression describes a family of conformally equivalent metrics. As it has been discussed in literature, [21] , the fundamental geometric properties of this kind of system can be deduced setting the conformal factor equal to unity, so that (15) can be expressed as
and the space-time interval will be
Physical interpretation of the space-time element
In the context of general relativity [4] , it has been established that the line interval for an observer being accelerated in the ξ 1 direction on a Minkowski space-time is
where the ξ µ are the coordinates of the system relative to the observer and g is its acceleration. Such coordinate system approximates a Lorentz one in its immediate neighbourhood, i.e. only in the region in which the condition
is satisfied, so that we can neglect the quadratic term in the binomial factor in (18) and write
Generalizing this result for a situation in which the observer moves with an arbitrary 3-acceleration, we find
where we have defined the spatial components of the acceleration and the coordinates of the local system as g i and ξ i , respectively (i = 1, 2, 3).
To contrast the last equation with the line interval for the BEC in the trap, (17), we first rescale the time-coordinate so that its differential will read dt ′ ≡ √ Kdt, expand the exponential and keep only the quadratic terms in the spatial coordinates so that we obtain
To verify this approximation is compatible with (19) , it suffices to notice that the points inside the trap, which define our analogue-manifold always satisfy
so that the condition of locality is fulfilled by the analogue system (being x 1 ≡ x, x 2 ≡ y and
When we re-write (22) as
and compare (21) and (24), defining the correspondence of the local coordinates (ξ 0 , ξ 1 , ξ 2 , ξ 3 ) with (t ′ , x, y, z), we conclude that the analogue-gravitational system to that of a BEC in a harmonic-oscillator trap can be regarded as an accelerated observer, whose acceleration components are
It is worth noting that the acceleration is position-dependent and negative, so that the analogue observer would be accelerated towards the origin of the coordinate system, that is center of the trap, and the closer to the boundary, the larger the induced force would be.
Recalling expression (7), it is possible to define a potential per mass unit
so that the acceleration of a particle inside a harmonic-oscillator trap, along the direction x i , can be found by differentiating (26) with respect to that coordinate
Contrasting (27) and (25), it follows that the acceleration of the analogue observer will be the partial derivative of the trap potential of the BEC with respect to that coordinate, with ω 2 i = (2b
−1 , all these expressions are written in geometrized units. Thus, we conjecture that in the most general case, that is, the gravitationalanalogue of a BEC trapped by an arbitrary potential V (x, y, z), the space-time interval will correspond to the conformal equivalent of that of an accelerated observer and the acceleration experienced in any direction will be proportional to the partial derivative of the trap potential of the BEC with respect to that coordinate. In particular, this would imply that for a BEC in a box type-like potential there would be no acceleration of the analogue-observer, as V = 0 inside the condensate.
Gravitational quantities and dynamics of the system
For completeness, in this section we analyse the three possible cases of symmetry in this system, computing the space-time interval, the Einstein tensor and the geodesic equations for each case, along with some Killing vectors.
Spherically symmetric trap
In the case of maximal symmetry, all the semi-axes of the ellipse have the same length, thus b = c = d. Under these circumstances, constants (11) and (13) reduce to
Due to the symmetry of the system, it is most convenient to use spherical coordinates to study this case, so that the metric can be written as
and the space-time interval is
With this information, we computed the Einstein tensor
while the geodesics turned out to be
Finally, as the metric in this case is independent of the time and the φ angle, there are, at least, two conserved quantities: energy and axial angular momentum. This, in turn, implies that there are two Killing vectors associated with these quantities [4] which we proved to be ζ 
Axially symmetric trap
When two of the semi-axes are equal, we face the case with axial symmetry, in which b = c, but d is different. Thus, in this case the constants (11) and (13) are
For this case, we chose to use cylindrical coordinates, so that the metric reads
and the space-time interval,
In turn, the Einstein tensor for the system is
which reduces to the case in 3.1 when we set b ≡ d.
The geodesics for this symmetry case are
In this case, the metric in this case is also independent of the time and the φ angle, so that energy and axial angular momentum are conserved quantities in this system too. The two Killing vectors associated with these quantities, in cylindrical coordinates, are ζ 
Asymmetric trap
At last, we analyse the case in which none of the semi-axes are equal. The constants (11) and (13) for the asymmetric case are
The most convenient choice of coordinates for the asymmetry is Cartesian, in which the metric is
so, the space-time interval is
Here, the the Einstein tensor is 
As expected, the latter reduces to the cases in 3.2 and 3.1 when the appropriate coordinate transformations are made and constants are set as they should.
The geodesics for this symmetry case are correspond to the conformal equivalent of that for an accelerated observer, in which the acceleration along the x i direction will be proportional to −∂V /∂x i .
Finally, for completeness, we computed the space-time interval, the Einstein tensor and the geodesic equations for the three possible kinds of traps: the spherically symmetric, the axially symmetric and the asymmetric ones. We proved that each case reduces to the others under the corresponding symmetry assumptions. We also found that the only conserved quantity in every case is energy, whereas the axial angular momentum is conserved only in the spherically and axially symmetric traps, and found the Killing vectors corresponding to such quantities in the three cases.
